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On the Vapnik-Chervonenkis dimensions of finite









(1) $DFA_{1,n}$ Vapnik-Chervonenkis $(1+o(1))n$ (2) $k\geq 2$




[15] Vapnik-Chervonenkis PAC- $[13, 14]$
$[6, 5]$ EXACT- [1, 2, 3]





2- $\Sigma_{2^{=n}}$ $\Sigma_{2}$ $n$
$f(n)$ $\Sigma_{2}^{=n}$























D. Angluin [1] $\#h$ $O(n)$
$O(\uparrow mn^{2})$ EXACT-
$n$ $m$







$\Sigma\leq m$ $\Sigma^{=m}$ $\{x\in\Sigma^{*} : |x|\leq m\}$ $\{x\in\Sigma^{*} : |x|=m\}$
$\Sigma^{*}$
$x,$ $y$ ‘ $x\cdot y$ $x$ $y$
$a\in\Sigma$ $w\in\Sigma^{*}$ $T(w\cdot a)=w$ . last ( $w\cdot a=a$
$w\in\Sigma^{*}$ $Proj_{[i]}(w)$ $w$ $i$ $Pref_{[i]}(w)$ $w$
$i$ $w^{R}$ $w$ $Proj_{[2]}(10110)=0$
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Pre$f_{[3]}(10110)=101$ 10110R=0ll0l $A$ $B$ $A\triangle B$
$B$ $((A\cup B)-(A\cap B))$ $S$
$S$ $N$ $R$
$n$ $[n]=\{i\in N:1\leq i\leq n\}$
$n>0$ $\log n$ $\log_{2}n$
$k$- $\Sigma_{k}=[k]$
$f,$ $g:Narrow R$ $n$ $f(n),$ $g(n)>0$
$O,$ $\Omega,$ $\Theta,$ $0$ :
$\bullet$ $c>0$ $n$ $f(n)\leq c\cdot g(n)$ $f=O(g)$
$\bullet$ $c>0$ $n$ $f(n)\geq c\cdot g(n)$ $f=\Omega(g)$
$\bullet$ $f=O(g)$ $f=\Omega(g)$ $f=\Theta(g)$
$\bullet$ $c>0$ $n$ $f(n)\geq c\cdot g(n)$
$f=o(g)$
5 $(Q, \Sigma, \delta, q_{0}, F)$ $Q$
$\Sigma$
$q_{0}$ $Q$ $F\subseteq Q$
















2.1 $S\subseteq X$ $\mathcal{F}$ $S$ $S’$
$S’=S\cap F$ $\mathcal{F}$ $F$
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$S$ $\mathcal{F}$ $\{S\cap F : F\in \mathcal{F}\}$ $2^{S}$





$\mathcal{F}$ $VC-\dim(\mathcal{F})$ $S$ $s\in S$ $s=F\cap S$




1. (Membership query) (Mem): $x\in\Sigma^{*}$ $x\in C_{T}$
yes $no$ ;
2. (Equivalence query) (Equ): $h\in C$ $h=C_{T}$
yes $no$ $no$ $h\triangle C_{T}$
;
3. (Arbitmry equivalence query) (Arb): $h\in 2^{X}$
$H=C_{T}$ yes no $no$ $\Phi(h)\triangle C_{T}$
$C$
2.3 $\mathcal{Q}$ $A$ $\mathcal{Q}$ $C$
$t\in C$ $A$ $t$ $\mathcal{Q}$
$A$ $h=t$ $h$
{Equ,Mem} {Arb,Mem} “ ”
C. $\mathcal{Q}$ $\mathcal{Q}$















$f$ $A$ $n$ . $f$ $A$ $[n]$ $f$
$A$ $n$- $f$ $A$ $[n]$ $A$
$B_{1}(x)=\{\begin{array}{l}lifx=02otherwise\end{array}$ $B_{2}(x)=\{\begin{array}{l}2ifx=01otherwise\end{array}$
$B_{1}(n)$ $B_{2}(n)$ 2- {1, 2} 2 4
{1, 2} 2- 2 $DFA_{1,n}$
.
$L$
$N$ 2 $A_{L}$ :
$A_{L}(x)=\{\begin{array}{l}1if1^{x}\in L0otherwise\end{array}$
$DFA_{1,n}$ $N$ 2- 1 1
$n$ 1- $|DFA_{1,n}|$
$N$ 2- $A:Narrow[2]$ $x\in N$ $N$ 2 $[x\backslash A]$
: $y\in N$ $[x\backslash A](y)=A(x+y)$
1
$|DFA_{1,n}|=|$ { $N$ 2- $A:|\{[x\backslash A]$ : $x\in N\}|\leq n$ } $|_{\text{ }}$
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$L\subseteq\Sigma_{k}^{*}$ $u,$ $v\in\Sigma_{k}^{*}$ $\Sigma_{k}^{*}$
$w$ $u\cdot w\in L\Leftrightarrow v\cdot w\in L$ $u\equiv Lv$ $[w]_{\equiv}L$
$\{w’\in\Sigma_{k}^{*} : w’\equiv Lw\}$ $L$ $|\{[w]_{\equiv}L : w\in N^{k}\}|$
$|\{[w]_{\equiv}L : w\in N^{k}\}|$ $L$
( [8] 34 )
$A_{L}$ $N$ 2 $w\in\Sigma_{k}$ $1^{x}\cdot w\in L\Leftrightarrow$
$1^{y}\cdot w\in L$ $x,$ $y\in N$ $1^{x}\equiv L1^{y}$ $[x\backslash A_{L}]=[y\backslash A_{L}]$
$1^{x}\not\equiv L1^{y}$ $A(x+w)\neq A(y+w)$ $w\in\Sigma_{1}^{*}$
$[x\backslash A]\neq[y\backslash A]$ $|DFA_{1,n}|=|\{A:|\{[x\backslash A] :x\in N\}|\leq n\}|$
$\triangle$
$|\{[x\backslash A] : x\in N\}|\leq n\}$ $|$ $N$ 2-
$B:Narrow[n]$ $N$ $n$- $x\in N$ $B$ $N$ $n$- $[x\backslash B]$
: $y\in N$ $[x\backslash B](y)=B(x+y)$ $N$ 2 $A$
$(*)$
$(*)$ $x,$ $y\in N$ $B_{A}(x)=B_{A}(y)$ $[x\backslash B_{A}]=[y\backslash B_{A}]$
$A$ $|\{[x\backslash A] : x\in N\}|\leq n$ $N$ 2- $N$ $n$- $B_{A}$
: $x,$ $y\in N$ $[x\backslash A]=[y\backslash A]$
$B_{A}(x)=B_{A}(y)$ $(*)$ ( 1
)
$q_{0}$ $q1$ $q_{2}$ $q_{3}$
1: $A_{L}$ $B_{A_{L}}$ ( $L=1(111)^{*}$ )
$f(n)$
$f(n)=|$ { $N$ $n$- $B:B$ $(*)$ }|
75
$|$ { $N$ 2- $A$ : $|\{[x\backslash A]$ : $x\in N\}|\leq n$ } $|\leq 2^{n}\cdot f(n)$
1 2




$B$ $(*)$ 1- $n$- $B(x_{1})=B(x_{2})$
$x_{1}<x_{2}$ $x>x_{2}$ $B(x)=B(x_{l}+k)$ $k=$
$(x-x_{2})mod (x_{2} -x_{1})$ $B(x_{1})=B(x_{2})$ $j\in N$
$B(x_{1}+j)=B(x_{2}+j)$ $l=x_{2}-x_{1}$ $m=(x-x_{1}-k)/l$
$B(x_{1}+k)=B(x_{2}+k)=B(x_{1}+l+1)=\cdots=B(x_{1}+ml+k)=B(x)$
$n’(\leq n)$ $B$ $B(O)$ $B(n’-1)$ $n’$
1 $(*)$
$B(O)$ $B(1)$ $\cdots$ $B(i-1)(i\leq n-1)$
$n’(\leq n)$ $n’$ $B(O)$ $B(n’-1)$ $n’$
$B(n’)$ $n’$
$(*)$ 1- $n$ 1
$f(n)=1+2+\cdots+n=(n^{2}+n)/2$ $\triangle$

























$M_{L}$ $M_{L}’=([k], Q, \delta, q_{init}, F)$
:
$\bullet$ $Q=\{q_{1}, q_{2}, \ldots, q_{n}\}$ \iota
$\bullet$
$\delta$ : $Q\cross[k]arrow Q$ :
1. $i\in\{1,2, \ldots, l\}$ $a\in[k]$ $\delta(q_{i}, a)$ $M_{L}$
2. $i\in\{l+1,1+2, \ldots, n-1\}$ $a\in[k]$ $\delta(q_{i}, a)=q_{i+1^{\text{ }}}$










$\log(\frac{2^{n}\cdot n^{kn}}{(n-1)!})$ $\log(\frac{2^{n}\cdot n^{kn}}{\sqrt{2\pi(n-1)}\cdot(n-1)^{(n-1)}/e^{n}})$
$=$ $n+kn\log n+n\log e-\log\sqrt{2\pi(n-1)}-(n-1)\log(n-1)$
$\leq$ $n+n\log e+(k-1)n\log n+n(\log n-\log(n-1))+\log n$
$=$ $(k-1+ \frac{1+\log e+\log n-\log(n-1)}{\log n}+\frac{1}{n})n\log n$
$C$ $VC-\dim(DFA_{k,n})\leq(k-1+C/\log n)n\log$no
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( ) $N_{1}=n-\lfloor n/\log n\rfloor$ $N_{2}=\lfloor n/\log n\rfloor$ $\Sigma_{k}^{*}(=[k]^{*})$ $T\eta\nearrow_{1},$ $W_{2}$
:
$W_{1}$ $=$ $\{w\in[k]^{*}$ : $\Sigma_{i=1}^{|w|}k^{|w|-i}\cdot Proj_{[i]}(w)<N_{1}\}$
$W_{2}$ $=$ $\{w\in[k]^{*}$ : $\exists a\in[k]$ such that $\Sigma_{i=1}^{|w|}k^{|w|-i+1}\cdot Proj_{[i]}(w)+a\geq N_{1}\}$
$W=W_{1}-W_{2}$
$|W|= \frac{k-1}{k}(1-\frac{1}{\log n})n+o(n)$
$W$ $w_{1},$ $w_{2}$ $w_{1}$ $w_{2}$
$N_{2}’=\lfloor\log(N_{2}+2)\rfloor-1$ $S_{k}$ { $w\cdot a\cdot 1^{i}$ : $w\in W$, $a\in$




$S’\subseteq S_{k^{\text{ }}}$ $w\in$ W $a\in[k]$ $S_{w\cdot a}’$
$S’\cap\{w\cdot a\cdot 1^{i} : i=0,1, \ldots N_{2}’-1\}$ $[S_{w\cdot a}’]$ $N_{2}’$
:
$Proj_{[i]}([S_{w\cdot a}’])=\{\begin{array}{l}!ifw\cdot a\cdot 1^{i-1}\in S_{w}’0otherwise\end{array}$
$S’\subseteq$ $M(S’)=([k], Q, \delta, q_{init}, F)$ :
$\bullet$ $Q=A\cup B$ $A=\{q\langle A,w\rangle :w\in W_{1}\}$ $B=\{q\langle B,w\rangle$ :
$w^{-}\in\Sigma\leq N_{2’}-\{\lambda\}\}$
$\bullet$
$\delta$ : $Q\cross\Sigmaarrow Q$ :
1. $A$ $w\in W_{2^{\text{ }}}\Sigma_{k=1}^{|w|}k^{|w|-i+1}$ . Pro $(w)+a<N_{1}$ $a\in[k]$
$\delta(q_{(A,w\rangle},a)=q_{\langle A,w\cdot a\rangle}$ ,
2. $A$ $W\in W$ $a\in[k]$
$\delta(q_{\langle A,w\rangle},a)=q_{\langle B,[S_{w\cdot a}’]^{R}\rangle}$ ,
3. $B$ $w\in\Sigma\leq N_{2’}-\Sigma\leq 1$
$\delta(q_{\langle B,w\rangle}, 1)=q_{\langle B,T(w)\rangle}$
$\bullet$
$q_{init}=q_{\langle A,\lambda\rangle}$
$\bullet$ $F=\{q\langle B,w\rangle : q\langle B,w\rangle\in B, last(w)=1\}$
$\circ$
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2: (1) $k=3$ $N_{1}=18$
3: (3) $N_{2}’=\lfloor N_{2}+2\rfloor-1=3$
$A\cross[k]$ $A$ (1) $B\cross[k]$ $B$ (3)
$S’\subseteq S$ $M(S’)$ 2 (1)
3 (3)
$A\cross[k]$ $B$ (2)
$q\in Q,$ $a\in[k],$ $w\in\Sigma^{*}$ $\delta(q, a\cdot w)=\delta(\delta(q, a),$ $w$ ) $\delta$
$Q\cross[k]^{*}$ (1) $W_{1}$ $w$




$w\cdot a\cdot 1^{i}$ $w\in W$ $w\cdot a\cdot 1^{i}\in S$ $\delta$
$\delta(q_{init}, w\cdot a\cdot 1^{i})$ $=$ $\delta(q_{\langle A,w\rangle}, a\cdot 1^{i})$
$=$ $\delta(q_{\langle B,[S_{w\cdot a}’]^{R}\rangle}, 1^{i})$
$=$
$q_{\langle B,Pref_{[N_{2’}-i]}([S^{r_{w\cdot a}}]^{R})\rangle^{\text{ }}}$
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$F$ $w\cdot a\cdot 1^{i}$ $M(S’)$
last $(Pref_{[N_{2^{l}}-i]}([S_{w\cdot a}’]^{R}))=1$ last $(Pref_{[N_{2’}-i]}([S_{w\cdot a}’]^{R}))$
$=last(Pref_{[i]}([S_{w\cdot a}’]))=Proj_{[i]}([S_{w\cdot a}’])$ $w\cdot a\cdot 1^{i}$ $M(S’)$




41 $n$ $k$ 2
$(k-1)n^{2}\leq VC-\dim(NFA_{k,n})\leq kn_{\text{ }}^{2}$
( ) $n$
$n$ $2^{n}$ $kn$
$2^{n}$ $2^{kn^{2}}$ “‘ $n$




$2^{n}$ . $2^{kn^{2}}/(n-1)!$ $|NFA_{k,n}|\leq 2^{n}$ . $2^{kn^{2}}/(n-1)!$
2.1 $VC-\dim(NFA_{k,n})\leq\log(2^{n} . 2^{kn^{2}}/(n-1)!)$ $n\geq 6$
$\log(2^{n}\cdot 2^{kn^{2}}/(n-1)!)\leq kn^{2}$
( ) $\Sigma_{k}$ $S$ { $1^{i}a_{l}1^{j}$ : $i=0,1,$ $\ldots,$ $n-1,j=0,1,$ $\ldots,$ $n-$
$1,$ $a_{l}\in\Sigma_{k}-\{1\}\}$ $|S|$ =(k-l)n2 $S’\subseteq S$ $S’$
$S-S’$
$M_{S’}=(\Sigma_{k}, Q, q_{init}, \delta, F)\in nfas_{k,n}$ $S$ $NFA_{k,n}$
$Q$ $\{q_{0}, q_{1}, \ldots, q_{n-1}\}$ $q_{init}=\{q_{0}\}$ and
$F=\{q_{n-1}\}$ $\delta$ :(1) $i=0,1,$ $\ldots,$ $\eta-2$







5.1 ([12]) $\mathcal{Q}$ {Equ,Mem} {Arb, Mem}
$C$ $\mathcal{Q}$ $C$ $A$
$\max\{\neq query_{\langle A,\{Equ,Mem\}\rangle}(t) : t\in C\}=\Omega(VC-\dim(C))$ .
$C$
$\rho$
$C$ $N$ $C_{n}$ $C_{n}=\{c\in C:\rho(c)\leq n\}$
52 $C$ {Equ, Mem} $A$
:
$t\in C$








5.3 {Equ, Mem} $DFA_{k}$
:
$t$
$\neq query\langle A,\{Equ,Mem\}\rangle(t)\geq(k-1)n\log n_{\text{ }}$
$n$ $t$
5.4 {Equ, Mem} $NFA_{k}$
:
$t$
$\neq query_{\langle A,\{Equ,Mem\}\rangle}(t)\geq(k-1)n_{\text{ }}^{2}$
$n$ $t$
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